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Abstract—In wideband array processing, frequency invariant
beamforming provides a popular means to make the beampattern
allpass with respect to frequency. Traditionally, such beampat-
terns are realized as a two dimensional filter, using tapped
delay-line (TDL) filters following each spatial sensor. However
it has been recently shown that with the help of a rectangular
antenna array, it is possible to generate fixed frequency invariant
beampatterns without using filters. In this paper, this concept is
generalized to the case of two dimensional arrays with elements
on a (possibly nonseparable) lattice. Since performance of the
frequency invariant beamformer depends on the number of
sensors which could be large for a 2D array of size M × N ,
a novel approach to beamforming based on the difference co-
array of a physical array is also proposed, which avoids use
of additional physical sensors. The realization of the frequency
invariant beams using second order statistics of the impinging
signal with only M + N physical sensors, instead of the two
dimensional array of sizeM×N , is demonstrated. The usefulness
of the proposed method is verified through computer simulation.
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Index Terms — Frequency Invariant Beamforming, Two Di-
mensional Array, Lattice, Difference co-array.
I. INTRODUCTION
In array processing for wideband signals, the temporal
frequency and the spatial angle of the impinging signals
are usually coupled together in the phase, which makes the
resulting beampattern a function of both frequency and spatial
angle. Frequency invariant beamforming is often used to make
the beampattern approximately independent with respect to
the temporal frequency and it has been studied extensively in
[1], [7], [6], [10], [12]–[14]. Several techniques exist in the
literature discussing generation of these frequency invariant
beams [1], [7], [10], [13]. However, all of them either use
filters or frequency dependent weights following each sensor.
In [2], however, it has been shown that frequency invariant
beamforming can be achieved using just one weight per sensor
instead of tapped delay-lines, by extending the dimension of
the array from linear to rectangular. In this paper, we general-
ize this concept to the case of more generic two dimensional
arrays with elements on a possibly non separable lattice (as
opposed to the rectangular array which is an example of a
separable lattice) and demonstrate how to perform frequency
invariant beamforming by using the extra spatial dimension
provided by these lattices, to eliminate temporal processing.
The performance of the frequency invariant beamformers
however depends on the size of the array and for a two
dimensional array, it could mean the use of a large number of
sensors. In this paper, a novel solution to this is also proposed
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by using the so called difference co-array [3] of a physical
array. It is demonstrated that using two suitably oriented non
collinear (e.g., orthogonal) uniform linear arrays (ULAs), a
desired two dimensional array can be realized virtually, by
taking the cross difference co-array of these two arrays. To
implement this from the physical model, we adopt a non
linear approach to beamforming, which, instead of filtering
the amplitudes, performs spatial filtering of the power of the
impinging signals and is capable of exploiting the virtual
degrees of freedom. We proposed the narrowband version
of this beamforming in [8] using a nested array structure
which was linear. A similar approach to beamforming using
time averaged arrays was proposed in [4], [5]. However, in
this paper, instead of realizing a long linear array, we need
the additional degrees of freedom in the form of a two
dimensional array to eliminate TDL filtering in wideband
frequency invariant beamforming.
The rest of the paper is organized as follows. In Section II,
we introduce the theory of frequency invariant beamforming
using two dimensional arrays with elements on a lattice. In
Section III, we prove a lemma regarding generation of co-
arrays with elements on a lattice. We then propose the design
of frequency invariant beams using the difference co-array
of suitable combination of ULAs, to gain the same O(N 2)
degrees of freedom of a lattice using only O(N) physical
sensors. We also provide numerical examples to support the
proposed methods. Finally, Section IV concludes the paper.
II. THEORY OF LATTICE BASED FREQUENCY INVARIANT
BEAMFORMING WITHOUT FILTERS
For a two dimensional array with sensors on a lattice, the
position vector of the (m,n)th sensor is given by(
rx
ry
)
=
[
v1 v2
] [ m
n
]
(1)
where v1 and v2 are independent vectors of size 2×1 and m
and n are integers. Consider such an array of size M×N and
let a wideband signal s(c)(t) impinge on it from an elevation
angle φ and azimuthal angle θ. The signal received at the
(m,n)th antenna, after demodulation of the carrier frequency
fc, is given by
x(c)m,n(t) = s
(c)(t− τm,n)e−j2πfcτm,n , (2)
where
τm,n =
1
c
[
sinφ cos θ sinφ sin θ
]
V
[
m
n
]
. (3)
Here c is the propagation velocity. After sampling at period
of Ts (where Ts is less than the Nyquist interval for s(c)(t)),
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the discrete-time Fourier Transform (DTFT) of the (m,n)th
sensor output, is given by
Xm,n(ejω, θ)=e−j
ωˆ
Ts
τm,nS(ejω) (4)
where S(ejω) is the DTFT of samples of s(c)(t), and ω̂ =
ω + 2πfcTs. Signal received at the (m,n)th sensor is then
multiplied by the weight Cm,n and then all these signals from
MN sensors are summed up to get the output signal
Y (ejω , θ) = H(ejω , θ)S(ejω)
where
H(ejω , θ) =
M−1∑
m=0
N−1∑
n=0
Cm,ne
−j ωˆTs τm,n (5)
is the beampattern which is a function of both temporal
frequency ω and spatial direction θ. Our aim is to make this
beampattern frequency invariant, i.e., allpass with respect to
ω:
H(ejω , θ) = G(θ) (6)
where G(θ) is a desired narrowband beampattern that we
wish to realize. The usual approach to achieve this with a
ULA will be to make each of the weights Cm,n a function of
frequency itself, i.e., apply a TDL filter at the output of each
sensor. However, since we are considering two dimensional
arrays, the extra spatial dimension can be used to avoid the
temporal dimension, thereby making each Cm,n a constant
weight instead of TDL filter.
Assuming V =
[
v11 v12
v21 v22
]
and φ = 90◦ (as in [2] ), we
define two new variables as
ω1 =
ωˆ
cTs
(v11 cos θ + v21 sin θ) (7)
ω2 =
ωˆ
cTs
(v12 cos θ + v22 sin θ) (8)
Then, we can rewrite (5) as
G(θ) = G1(ω1, ω2) =
M−1∑
m=0
N−1∑
n=0
Cm,ne
−jmω1e−jnω2 (9)
Thus G(θ) can be represented as the two dimensional
Fourier transform of the weights Cm,n in the variables ω1 and
ω2 and hence, theoretically, we can realize G(θ) by computing
the weights Cm,n through inverse DFT as
Cm,n =
1
MN
M−1∑
k=0
N−1∑
l=0
G1(ω1k, ω2l)ejmω1kejnω2l , (10)
where ω1k = −π + 2πkM , ω2l = −π + 2πlN .
Hence, this technique provides a direct way to compute the
weights Cm,n and it guarantees to approximate the desired
frequency invariant beampattern at the sample points due to
the FFT relation.
III. PASSIVE REALIZATION OF THE LATTICE BASED
FREQUENCY INVARIANT BEAMFORMING USING CO-ARRAY
So far it has been demonstrated that in order to obtain
a frequency invariant beampattern, either (a) a linear array
followed by temporal processing, or, (b) a two dimensional
array with no temporal processing, is needed. The need for
temporal processing is avoided by the corresponding increase
in spatial dimension of the array. The original beampattern in
(ω, θ) domain, is mapped to a transformed domain (ω1, ω2)
given by (7)-(8). In order to realize the frequency invariant
beam, we need to represent (9) entirely in terms of ω1 and
ω2 without the temporal frequency ω. This is equivalent to
eliminating ωˆ between (7) and (8) for which we need these
equations to be independent. When the array is linear, the
equations are no more independent and hence the spatial-only
approach to frequency invariant beamforming fails. We shall
demonstrate this by describing a specific example of linear
array, viz., the nested array (proposed in [8]) later to show that
though such arrays result in increased degrees of freedom, they
cannot be used to realize frequency invariant beamforming
because the freedoms are in the form of virtual sensors which
form a linear array. In other words V has rank less than 2.
Hence, the increase in spatial dimension is necessary.
In this section, we propose a novel method to create the
effect of the same two dimensional array without using the
additional number of sensors. This will be achieved by a
combination of the following two techniques:
• A new “non linear” approach to beamforming which
filters the power spectrum of the impinging wideband
signals.
• Suitable placement of physical sensors to create the effect
of the desired two dimensional array by considering
“cross difference co-array” of two suitable ULAs. Some
special types of cross product arrays have been discussed
earlier in [9].
We first define the difference co-array of a physical array
and then demonstrate how it helps in realization of a virtual
array.
Definition 1: (Difference Co-array) Let us consider an
array of N sensors, with xi denoting the position vector of
the ith sensor. Define the set
D = { xi − xj}, ∀i, j = 1, 2, · · · , N (11)
In our definition of the set D, we allow repetition of its
elements. We also define the set Du which consists of the
distinct elements of the set D. Then, the difference co-array
of the given array is defined as the array which has sensors
located at positions given by the set Du.
It can be verified [8] that the maximum degrees of freedom
obtainable from a difference co-array for a N element array
with any geometry and dimension, is
DOFmax = N(N − 1) + 1. (12)
Details about the different kinds of co-arrays of a physical
array and its various applications can be found in [3].
A. Wideband Beamforming Based on Difference Co-array:
We now demonstrate how to get the effect of the difference
co-array in wideband beamforming by using a “non linear”
approach to beamforming. The narrowband version of this
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beamforming was proposed in [8]. An idea similar to this
was discussed in [4], [5] where beamforming based on time-
averaged arrays was suggested using specific array geometries.
This kind of beamforming can increase the degrees of freedom
of a N element physical array to O(N 2).
ConsiderD wideband signals, occupying frequency band ω a
to ωb, impinging on an array of N sensors. Then, the signal
received at the nth sensor is given by
xn(t) =
D∑
i=1
si(t− τn(θi))
where τn(θi) is the delay associated with the nth array element
and the ith source signal and depends on the angle of arrival
of the signal and the array geometry. For simplicity, we only
consider the azimuthal angle θ though the delay is also a
function of the elevation angle φ which we set to 90◦ as
earlier. Defining x(t) = [x1(t) x2(t) · · · xN (t)]T , and taking
the autocorrelation of x(t), we get
Rxx = E(x(t)xH (t)) (13)
where the (m,n)th element of Rxx is given by
[Rxx]m,n = E(xm(t)x∗n(t))
= E
[ D∑
i=1
si(t− τm(θi))
D∑
j=1
s∗j (t− τn(θj))
]
(14)
Assuming the sources are uncorrelated (i.e., E[s i(t)s∗j (t −
τ)] = 0, ∀ τ, i = j) we can rewrite (14) as
[Rxx]m,n =
D∑
i=1
Rsi,si(τn(θi)− τm(θi)) (15)
where Rsi,si(τ) denotes the autocorrelation of the ith signal.
Now, we vectorize Rxx to get the vector y ∈ CN2×1.
Treating this as the equivalent signal vector (corresponding
to the co-array), we wish to apply weights to this vector
to perform spatial filtering. Denoting the weight vector as
w ∈ CN2×1, we index its elements by the double index
(m,n),m = 0, · · · , N−1, n = 0, · · · , N−1 for convenience.
Then, assuming the sources are bandlimited to ωa ≤ ω ≤ ωb,
the final weighted output can be written as
z = wHy (16)
=
D∑
i=1
N−1∑
m=0
N−1∑
n=0
wm,nRsi,si(τn(θi)− τm(θi)) (17)
=
D∑
i=1
N−1∑
m=0
N−1∑
n=0
wm,n
1
2π
∫ ωb
ωa
Psi,si(ω)e
jω(τn(θi)−τm(θi)) dω
(18)
where Psi,si(ω) denotes the power spectral density of si(t).
We can further rewrite (18) as
z =
1
2π
D∑
i=1
∫ ωb
ωa
(N−1∑
m=0
N−1∑
n=0
wm,ne
jω(τn(θi)−τm(θi))
)
Psi,si (ω) dω
(19)
=
1
2π
D∑
i=1
∫ ωb
ωa
B(ω, θi)Psi,si(ω) dω (20)
where
B(ω, θi) 
N−1∑
m=0
N−1∑
n=0
wm,ne
jω(τn(θi)−τm(θi)) (21)
is the beampattern (function of both temporal frequency ω
and the spatial angle θ). It is to be noted from (20) that
the beampattern B(ω, θi) filters the power spectrum (Psi,si)
of the signal instead of the amplitude. So it is essentially
nonlinear in nature (linear with respect to the PSD). Also,
though it appears that the beampattern hasN 2 design freedoms
in the form of the N 2 weights wm,n, not all are independent.
The number of free-to-choose weights are decided by the
number of distinct phase differences τn(θi) − τm(θi) which
is completely determined by the number of distinct elements
in the difference co-array, since
τn(θi)− τm(θi) = 1
c
uT (θi)(xm − xn).
Here xm denotes the position vector of the mth sensor and
hence xm−xn corresponds to the difference co-array element
and u(θi) = [cos θi sin θi]T is the wave propagation vector.
For example, if the array is a ULA, then the difference set has
only 2N − 1 distinct elements and so the effective number of
weights in (21) free to be designed is only 2N − 1 instead
of N 2. In the two level nested array proposed in [8], the
difference set has (N 2−2)/2+N degrees of freedom for even
N and (N 2 − 1)/2 + N degrees of freedom for odd N and
the difference co-array is also in the form of a ULA. Hence,
by suitable selection of the original physical array, O(N 2)
degrees of freedom in the same dimension can be obtained
from O(N) physical sensors.
Our goal here is to use these extra spatial freedoms to realize
a frequency invariant beampattern, i.e., achieve
B(ω, θ) = G(θ), ωa ≤ ω ≤ ωb (22)
where G(θ) is a desired frequency invariant beampattern (e.g.,
a narrowband beampattern). In this case, we can rewrite (20)
as
z =
D∑
i=1
G(θi)
1
2π
∫ ωb
ωa
Psi,si(ω) dω
=
D∑
i=1
G(θi)σ2i (23)
where σ2i denotes the power of the ith source signal. Taking the
additive noise at each antenna also into account, and assuming
that it is spatially and temporally white, and uncorrelated with
the signals, the final output becomes
z =
D∑
i=1
G(θi)σ2i + σ
2
nw
H 1˜n, (24)
where σ2n denotes the noise power, which has the same beam-
former output as the corresponding narrowband beamformer
proposed in [8].
To get the effect of frequency invariant beamforming as
implemented using spatial only processing with a two dimen-
sional array, we require the N 2 phase differences in (21) to
correspond to those of a N ×N two dimensional array. This
is not possible using only one physical “linear” array (like
the ULA or the nested array) because the difference co-array
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will always be linear and hence the weights wm,n need to be
functions of frequency (TDL filters) for realizing the frequency
invariant beam. To get the effect of a two dimensional array,
the sensors need to be suitably placed, as described in the
following subsection. It is to be noted that in order to eliminate
the cross correlation between the impinging sources and obtain
(15), sufficient number of snapshots is required.
B. Realization of the lattice as the difference co-array
In this section, we prove a lemma which will enable us
to realize a two dimensional lattice virtually with only two
suitably constructed one dimensional antenna arrays by using
the cross difference co-array between them:
Lemma 1: Any 2-dimensional antenna array of sizeM×N
with elements on a lattice, can be realized using the difference
co-array of two uniform linear arrays withM and N elements
respectively.
Proof: Let us consider a 2-D lattice in the XY plane
described by the lattice generator matrix
(
v0 v1
)
. Then
the position vector of the (m,n)th sensor is given by v0m +
v1n. Now let us consider two ULAs with M antennas and
N antennas respectively, the first ULA being in the same
direction as the vector −v0 and the second being in the same
direction as v1. In other words, the position vector of the mth
element of this ULA is ρ˜1,m = −mv0, m = 0, 1 · · ·M−1,
and the position vector of the nth element of this second array
is ρ˜2,n = nv1, n = 0, 1 · · ·N − 1. The cross difference co-
array of these two arrays is defined as the array with position
vectors
pm,n = ρ˜2,n − ρ˜1,m
m = 0, 1, · · · ,M − 1, n = 0, 1, · · · , N − 1 (25)
which can be readily seen as
pm,n = mv0 + nv1 (26)
corresponding to the (m,n)th sensor of the lattice.
C. Frequency Invariant Beamforming using the difference
array:
To physically realize the difference co-array correspond-
ing to the lattice, we follow the covariance matrix based
beamforming approach discussed earlier. However, instead of
considering the self-difference co-array, we now consider the
cross difference co-array of the two ULAs described in the
preceding lemma. Let x1(t) ∈ CM×1 and x2(t) ∈ CN×1
denote the signal vectors received at the M -element and N -
element ULAs oriented along −v0 and v1 respectively. So,
the mth element of x1(t) is given by
[x1]m(t) =
D∑
i=1
si(t + mu(θi)Tv0)+nm(t),
m = 0, 1, · · · ,M − 1
(27)
where u(θ) denotes the propagation vector. Similarly, the nth
element of x2(t) is given by
[x2]n(t) =
D∑
i=1
si(t− nu(θi)Tv1)+nn(t),
n = 0, 1, · · · , N − 1
(28)
The noise term nm(t) is assumed white Gaussian, which is
spatially and temporally uncorrelated with same power for all
the antennas in both arrays.
Next, we take the cross correlation of the signals received
at the two ULAs, i.e.,
Rx1,x2 = E
[
x1(t)x2H(t)
]
The (m,n)th entry of the cross correlation matrix is given by
[Rx1,x2 ]m,n =
D∑
i=1
D∑
j=1
E(si(t + mu(θi)
T v0)s
∗
j (t− nu(θj)T v1))
+ σ2nδ(m − n)
=
D∑
i=1
Rsi,si(nu(θi)
T v1 + mu(θi)
T v0) + σ
2
nδ(m − n)
(29)
where Rsi,si(τ) denotes the autocorrelation of the ith source
signal at lag τ and (29) results because of the fact that the
ith and jth signals are uncorrelated for i = j. We can rewrite
(29) in terms of the power spectral density as
[Rx1,x2 ]m,n =
1
2π
D∑
i=1
∫ ωb
ωa
Psi,si(ω)e
jω(nu(θi)
T v1+mu(θi)
T v0)dω
+ σ2n(m − n) (30)
where Psi,si(ω) is the power spectral density of the ith
wideband source. The next step is to vectorize Rx1,x2 . For
this, define S(ω) = [S1,1(ω) S2,2(ω) · · ·SD,D(ω)]T , and
A(ω, θ1, · · · , θD) = [a(ω, θ1) · · ·a(ω, θD)] ∈ CMN×D
where a(ω, θi) ∈ CMN×1 has the (m + nN)th entry
[a(ω, θi)]m+nN,1 = e
jω(nu(θi)
T v1+mu(θi)
T v0)
Then we can rewrite (30) as
y =
1
2π
∫ ωb
ωa
A(ω, θ1, · · · , θD)S(ω)dω + σ2n1˜n
Now, we wish to apply constant weight vector w to y in
order to realize a given frequency invariant beampattern. Then
the output of this beamformer is given by
z =
D∑
i=1
M−1∑
m=0
N−1∑
n=0
∫ ωb
ωa
w∗m,ne
jω(nu(θi)
T v1+mu(θi)
T v0)Psi,si(ω)
dω
2π
+ σ2nw
H 1˜n (31)
For frequency invariant beamforming, we need
M−1∑
m=0
N−1∑
n=0
wm,ne
jω(nu(θi)
Tv1+mu(θi)
T v0) = G(θ)
where G(θ) is the desired frequency invariant beampattern. It
can be readily observed that the above relation is equivalent
to realizing (9) and hence the methods discussed in Section II
can be used to realize this frequency invariant beampattern.
Summarizing, we have shown that using only M + N
physical sensors and performing beamforming with respect to
the difference co-array, we can indeed avoid TDL filters and
yet realize frequency invariant beams without increasing the
number of sensors physically.
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D. Examples
We now provide design examples to validate the proposed
virtual implementation of the lattice. We wish to implement
a lattice with lattice generator vectors being both unit norm
vectors with an angle of 45◦ between them, andM = N = 17.
Hence we use two 17 element ULAs at an angle of 45◦ with
each other and perform the proposed covariance matrix based
beamforming. To test the beampattern, we vary the direction
of arrival of the impinging signal and plot the corresponding
output of the beamformer. In order to test the frequency
invariance of the beamformer, we transmit three narrowband
signals, one at a time, with frequencies ω = π/2, 3π/4
and π and plot the resulting beampatterns in Fig. 1 using
200 snapshots to realize the covariance matrix. As can be
seen, the beamformer output is fairly similar for all the three
frequencies.
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Fig. 1. Difference co-array based frequency invariant beampattern as a
function of sin θ using two 17 element ULAs plotted for the three frequencies
ω = π/2, 3π/4 and π, using 200 snapshots.
We provide another example as an application of this
frequency invariant beamforming in suppressing wideband
jammers. We assume the same array structure as in the
previous example. However, to suppress jammers, we first
realize a set of P = 7 orthogonal frequency invariant beams
spanning the beamspace, and then combine them by using
suitable (narrowband) weights, to get the final output. The
corresponding beamformer output as it evolves across various
snapshots (T ), is plotted in Fig. 2. The jammer directions are
assumed to be {60◦, 45◦, 30◦, 15◦}. It can be seen that for
T = 300 snapshots, clear nulls have been introduced in the
beamformer output in the jammer directions.
IV. CONCLUDING REMARKS
In this paper, we proposed a novel way to realize fre-
quency invariant beams (without TDL filters), which avoids
the corresponding increase in the number of physical sensors
by using the concept of co-arrays. This is made possible by
a new kind of beamforming which filters the powers of the
impinging signals instead of their amplitudes. This results in
significant reduction in the number of sensors needed, yet
achieving the desired frequency invariance. The simulation
examples satisfactorily show the effectiveness of the proposed
technique.
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Fig. 2. Evolution of jammer nulling with snapshots (T ) based on the
difference co-array using two 17 element ULAs at an angle ψ = 45◦, with
jammer directions given by {60◦, 45◦, 30◦, 15◦}.
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